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Solution Adaptation of Unstructured Grids for Two-Dimensional
Aerodynamic Computations

P. C. Walsh¤ and D. W. Zingg†

University of Toronto, Downsview, Ontario M3H 5T6, Canada

A solution-adaptive gridding technique applicable to the numerical solution of the Navier–Stokes equations
using unstructured triangular grids is presented and evaluated. Grid adaptation is directed by a parameter based
on undivided differences of density and Mach number normalized with their respective grid extrema. A new
solution-dependent retriangulation algorithm locally restructures the grid to recover an anisotropicgrid following
adaptation. The arti� cial dissipation operator is modi� ed to provide improved accuracy on irregular high aspect
ratio triangular grids that may be created in some regions by the adaptive process. The technique is applied to
several subsonic and transonic turbulent aerodynamic � ows, including the � ow over a three-element, high-lift
con� guration. Grid convergence studies are presented that demonstrate that the grid adaptation procedure leads
to signi� cant error reduction in lift and drag coef� cient in most circumstances. The effectiveness of the adaptationis
signi� cantly improved as a result of the solution-dependent retriangulation and the improved arti� cial dissipation
operator.

Nomenclature
Ai = area of control volume i
E = total energy per unit mass
e = grid edge index
F; G = total � ux in x and y directions
l = grid edge length
M = Mach number
N = total number of nodes in grid
S = stretching parameter
t = time
u; v = Cartesian velocity components
±Ä = arbitrary control volume boundary
Qº = turbulence variable
½ = density
8 = adaptation parameter
! = solution vector, [½ ½u ½v ½ E ½ Qº]T

Ä = arbitrary control volume

Introduction

T O increase the usefulness of computational methods in aero-
dynamic design, the time required for problem setup and so-

lution must be reduced. Solution-adaptivegrid strategies can play a
signi� cant role in achieving this goal. First, adaptive gridding can
lead to a reduction in the number of grid nodes required to achieve
speci� ed accuracy levels, thus saving computing time and memory.
Second, adaptive gridding can decrease the user expertise and ef-
fort required to produce a satisfactory simulation by reducing the
dependence on the grid used to initiate the process. Although the
� rst area has received the most emphasis to date,1 the second area,
reductionof expertiseand effort in grid generation,may prove to be
the more important bene� t of solution-adaptivegridding in the long
run.2 Unstructured grids have great potential for achieving the two
goals of adaptationdescribed,especiallywhen complex geometries
are involved, as a result of their superior � exibility with respect to
node addition. Whereas unstructured grid adaptation can be very
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successful for inviscid � ows,3¡5 turbulent aerodynamic � ows at
high Reynolds number are more challenging,primarily because the
highly anisotropic nature of such � ows requires a correspondingly
anisotropic grid.6;7 Grid cells with high aspect ratios increase the
dif� culty of point insertion and connectionand can adverselyaffect
the accuracyof the spatialdiscretization.8 This hasmotivatedthe use
of hybrid grids combining a semistructuredgrid in boundary layers
and wakes with a fully unstructured grid elsewhere. Whereas this
approach can be advantageous, it is also restrictive in terms of the
adaptationof the semistructuredportionof the grid. In such regions,
grid quality can deteriorate through repeated re� nements unless re-
strictions are placed on the con� guration of the resulting cells.9

As a result of the dif� culties associated with turbulent aerody-
namic � ows, there exist few studies demonstrating the bene� ts of
solution-adaptivegridding for such � ows in a quantitative manner.
Quantitative studies are essential to determine the cost effective-
ness of an adaptive-gridding technique and to perform parameter
optimization. One such investigation is presented in Ref. 10 for an
adaptive grid redistributionscheme applied to Navier–Stokes com-
putations of steady airfoil � ows using structured grids. Using base-
line solutions computed on very � ne grids, this study shows that the
error reduction resulting from adaptive grid redistribution is quite
modest due to the con� icting requirements of grid clustering and
smoothness.

The purpose of the present paper is to present and quantitatively
assess a solution-adaptive gridding technique based on triangular
unstructured grids in the context of two-dimensional aerodynamic
� ows. Progresshas beenmade in both the quality of the adaptedgrid
and the accuracy of the discretization on the adapted grids. In the
former area, a solution-dependentretriangulationscheme is used to
restructuretheadaptedgridconsistentwith the local � owconditions.
In the latter area, the arti� cial dissipation operator has been modi-
� ed to produce improved accuracy for highly stretched cells. Grid
convergence studies are presented to quantify the effectiveness of
the approach.Our interesthere is in numericalerror, speci� callydis-
cretization error, as opposed to physical-model error, for example,
the turbulencemodel. Hence, the errors are determinedby compari-
son with accuratenumericalsolutionsrather than experimentaldata.
Furthermore, the error reductionassociatedwith the grid adaptation
technique is evaluated not by comparison with solutions computed
on globally � ne grids (which are obviously inferior in terms of cost
effectiveness) but by comparison with solutions computed on grids
with appropriate clustering as would be generated by an experi-
enced user without speci� c knowledge of the solution. Finally, the
solution-adaptivegridding technique is studied and evaluatedusing
an explicitmultigrid solver, but can be used equally effectivelywith
other approaches, such as implicit solvers.
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Fig. 1 Typical control volume.

Numerical Algorithm
The Navier–Stokes equations, describing the behavior of com-

pressible viscous � ows, are given in integral form for a control
volume Ä bounded by the closed contour ±Ä as

d

dt

Z

Ä

! dx dy C
I

@Ä

.F dy ¡ G dx/ D 0 (1)

where the variables are de� ned in the Nomenclature. The numeri-
cal solution of the conservationequations is performed over control
volumes composed of an arbitrary number of triangular cells, as
shown in Fig. 1. Each control volume consists of a central node i
and an arbitrary number of neighbor nodes, the location of which
de� nes the boundary of the control volume, shown as a dashed line.
Data values are associated with the nodes of the grid, yielding a
node-centeredscheme with overlapping control volumes, as devel-
oped and popularized by Jameson et al.11 Dependent variables are
considered to be cell averages, reducing Eq. (1) to a discrete form:

d!i

dt
D ¡ 1

Ai

nX

e D 1

.F1y ¡ G1x/e (2)

The � uxes F and G are evaluatedusing linear interpolationalong
each edge e. The discretizedequations are time marched to a steady
state througha � ve-stageRunge–Kutta scheme.Convergenceaccel-
eration is achieved through local time stepping, residualsmoothing,
and the multigrid technique.The effectsof turbulenceare introduced
through the one-equationSpalart–Allmaras eddy viscositymodel.12

Numerical dissipation is required to control nonlinear instability
and to damp unresolvedhigh-frequencymodes. The required dissi-
pation is added through a combination of undivided Laplacian and
biharmonic approximations13 applied to dependent variables. The
Laplacian approximation is used in regions of discontinuous � ow,
such as near shock waves, where a greater degree of dissipation is
required. In areas of smooth � ow, the biharmonic operator is used.

The adaptive-griddingroutinecreatesincreasedirregularityin the
unstructuredgrids as new nodes are introduced in selected regions.
The arti� cial dissipation scheme should be constructed in such a
manner as to maintain a higher-order approximation to the undi-
vided Laplacian operator, regardless of the degree of irregularityor
of local grid stretching. Such an operator is constructed by the fol-
lowing discretization of the undivided Laplacian of the dependent
� ow variables14:

d.!/i D Ái

nX

e D 1

.!x 1y ¡ !y 1x/e (3)

The values 1x and 1y are obtained from the edges forming
the control volume boundary. The � rst derivatives, !x and ! y , are
determined on the triangular cells internal to the given control vol-
ume associatedwith the edge. As desired, this operator producesno
dissipation for a locally linear solution, even on an irregular grid.
However, for nonlinear solutions on highly stretched grids, exces-
sive dissipationcan be produced.The following scaling factor Ái is
added to correct this:

Ái D

"
nX

j D 1

2 area j; j C 1

l2
j; j C 1

#
(4)

The term l j; j C 1 is the length of an outer edge joining nodes j and
j C 1 with area j; j C 1, the area of the triangular cell internal to the
given control volume associated with the edge. The biharmonic
operator is constructed using simple edge differences:

d2.!i / D
nX

j D 1

[d.!/ j ¡ d.!/i ] j (5)

where indices j and i are consistent with Fig. 1. The details of this
method have been presented by Walsh and Zingg.15;16

Adaptive-Gridding Technique
The approach taken here follows the following sequence:
1) Begin with a very coarse grid and obtain a moderately con-

verged � ow solution.
2) Based on an adaptation parameter, identify regions requiring

increased resolution.
3) Place the values of the adaptation parameter and the corre-

sponding edges in descending order and subdivide sequentially us-
ing a two-pass procedure.

4) Retriangulate and smooth the new grid.
5) Obtain a moderatelyconvergedsolutionon thisgrid and repeat,

or continue to convergenceand terminate.
Steps 2, 3, and 4 are described in more detail.

The adaptationparameter used is based on undivideddifferences
of density and Mach number normalized with the largest such dif-
ference on the grid:

8 D
j½1 ¡ ½2j

½max ¡ ½min
C

jM1 ¡ M2j
Mmax ¡ Mmin

(6)

Here, locations1 and 2 are thenodesat eachendof a givenedge.Any
� ow� eld variableor combinationof variablescanserveas an adapta-
tion parameter. For inviscid � ows, Dannenhoffer and Baron3 found
that adaptation based on undivided differences of density required
the smallest computational expense for a given level of accuracy.
In laminar and high Reynolds number � ows, Walsh and Zingg16

and Walsh17 have shown quantitatively that an adaptation parame-
ter based on undivided differences of density and Mach number is
effective for a variety of � ow types.

For the adaptedgrid to be used with the original grid in the multi-
grid sequence, we desire a roughly fourfold increase in the number
of nodes.18;19 If this were done in one pass, all edges would be
subdivided, leading to an inef� cient global re� nement. Instead, we
subdivide the edges in two passes, with 55% of the nodes added in
the � rst pass and 45% of the nodes added in the second pass. Hence,
a triangleon the initial grid can be subdivided into 16 smaller trian-
gles in one applicationof the adaptationprocedure.Detailed studies
presentedin Ref. 17 demonstratethat this is an ef� cient approach.A
limitationof this approachis that it preservesthe cell aspect ratiosof
the initial grid. Although this avoids the dif� culties associatedwith
the possibility of excessively high cell aspect ratios, it does require
that the initial grid must be reasonably appropriate in terms of cell
aspect ratio. Boundary edges are selected and adapted based on the
curvature criterion developed by Mavriplis.20

Oncea new adaptedgrid is generated,the edgeorientationusually
results in irregularly shaped control volumes, potentially leading to
large increases in the spatial discretization error. In grid genera-
tion algorithms, the minmax criterion is used to impart regularity
to meshes. The minmax criterion is satis� ed locally when an edge
sharedbetween two trianglesis orientedsuch that the largestinterior
angle of the two triangles is minimized.21 Edges are swapped over
the entire grid in an iterativeprocess until this criterion is met. In in-
viscid regions, the minmaxedge swappingroutine is very successful
at recovering a smooth grid. However, in regions with high aspect
ratio cells, use of the minmax retriangulation following adaptive
node placement can lead to undesirable grid characteristics.Adap-
tive gridding will add nodes in these anisotropic regions, and sub-
sequent minmax retriangulationwill destroy the locally anisotropic
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nature of the grid. To prevent such undesirable retriangulations,the
grid can be locally stretched in the direction of the prevailingMach
number gradient before the minmax algorithm is implemented.The
resulting retriangulation will not destroy the high aspect ratio na-
ture of the local grid. In fact, this method is solution dependent,
conforming to the character of the local � ow� eld.

Initially, the gradient of the Mach number is computed and aver-
aged over the four nodes of a pair of triangles that share a common
edge (Mx My ). A stretching parameter S is then formed and used
to place temporarily the four nodes into their stretched locations
before the minmax criterion is locally enforced. It is given by

S D
µ

.Mx 1x C My 1y/ C "

jMx 1x C My 1y C "j
l2C

¶
(7)

X 1
i D Xo

i C .Mx =M1/S (8)

Y 1
i D Y o

i C .My=M1/S (9)

The lengths 1x and 1y are the distances from the midpoint of
the edge to the neighbor nodes of the quadrilateral under con-
sideration. Here the superscript 1 refers to the location in the
stretched space and o refers to the original location. The param-
eter l is the edge length, and C is a stretching coef� cient, set to
a value of 2.0. The term " is set to 10¡6 to prevent singularities,
and M1 is the freestream Mach number. The stretched retrian-
gulation scheme is imposed following adaptive node insertion in
an iterative fashion until the entire grid conforms to a minmax
criterion in stretched space. Following adaptation and retriangu-
lation, the isotropy desired in the inviscid regions may be dis-
rupted. An isotropic grid in smooth � ow can reduce local trunca-
tion error,17;21 prompting the use of a postprocesssmoother. Several
iterations of explicit Laplacian smoothing are applied after retri-
angulation. Although this smoothing procedure addresses the iso-
tropy in the inviscid regions, it has the potential to reduce the
anisotropy imposed in the retriangulation process. Therefore, the
smoothing perturbation is attenuatedby the reciprocal of the aspect
ratio, effectively con� ning its in� uence to the inviscid regions.

The in� uence of stretchedretriangulationis clearly demonstrated
in Figs. 2–4. An unadapted grid with a total of 800 nodes is shown
in Fig. 2, and an adapted grid with the standard minmax retriangu-
lation is shown in Fig. 3. The triangulation procedure sporadically
creates nearly equilateral cells in the boundary-layerregions. With
the modi� ed minmax retriangulation shown in Fig. 4, the adapted
grid retains the locally anisotropic nature desired in the boundary
layer.

Results and Discussion
Four test cases are used to assess the adaptivegridding technique,

the modi� ed dissipation operator, and the retriangulation scheme.
These include 1) a laminar � ow over the NACA 0012 airfoil, 2) a
subsonic turbulent � ow over the NACA 0012 airfoil, 3) a transonic

Fig. 2 Unadapted grid; 800 nodes.

Table 1 Test case summary

Test Mach Angle of Reynolds
case Airfoil number attack, deg number Reference

1 NACA 0012 0.8 10.0 500 22
2 NACA 0012 0.16 6.0 2.88£ 106 10
3 RAE 2822 0.729 2.70 6.5 £ 106 23
4 AGARD AR 303 A2 0.197 4.0 3.52£ 106 24, 25

Table 2 Grids for case 1

Total Nodes on Off-wall
Grid nodes body spacing

1 752 60 0.01
2 2,736 120 0.005
3 10,769 240 0.0025
4 39,635 480 0.00125
5 78,459 960 0.000625

Fig. 3 Adapted grid, standard minmax retriangulation; 2800 nodes.

Fig. 4 Adapted grid, modi� ed minmax retriangulation; 2800 nodes.

turbulent� ow over the RAE 2822airfoil, and 4)a subsonicturbulent
� ow over a three-element, high-lift geometry typical of a takeoff
con� guration.Details are given in Table 1 (see Refs. 10 and 22–25).
For the � rst two cases, the adapted grids are assessed quantitatively
using very � ne grids as benchmark solutions for error estimation.
For cases 3 and 4, results obtained using a well-established � ow
solver on structured grids with a high node density are used for
comparison.

For the � rst case, we begin by considering the solution on a se-
quence of � ve successively re� ned unadapted grids with the char-
acteristics given in Table 2. The lift and drag coef� cients computed
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Fig. 5 Lift coef� cients produced by adapted and unadapted grids
for case 1; dashed line is grid-independent solution obtained through
Richardson extrapolation.

Fig. 6 Drag coef� cients produced by adapted and unadapted grids
for case 1; dashed line is grid-independent solution obtained through
Richardson extrapolation.

on the four � nest of these grids are plotted in Figs. 5 and 6, respec-
tively, as a function of the reciprocal of the number of nodes in the
grid. The linear variation seen for the � nest three unadaptedgrids is
indicative of the second-order behavior of the solver under global
re� nement. Thus, one can estimate grid-independentvalues of the
lift and drag coef� cients with some con� dence using Richardson
extrapolation.

Next we apply the adaptation procedure to grids 1, 2, and 3, pro-
ducing a fourfold increase in the number of nodes in each case,
leading to adapted grids with overall grid densities comparable to
grids 2, 3, and 4, respectively. Results for these adapted grids are
also shown in Figs. 5 and 6, where N corresponds to the number of
nodes in the grids after adaptation. The grid-independent solution
obtained through Richardson extrapolation is represented by the
dashed line in both of Figs. 5 and 6. In each case, the error produced
by the adapted grid is substantially reduced in comparison with
the unadapted grid with a comparable number of nodes. In fact,
the adapted grid with roughly 40,000 nodes produces lift and drag
coef� cients that are closer to the extrapolatedgrid-independentval-
ues than those computed on the unadapted grid with twice as many
nodes.The computationalcost for producingan adaptedgrid for this
case was approximately5% of the total cost of a convergedsolution.

Figures 5 and 6 also provide an assessment of the solution-
dependent retriangulation scheme and the arti� cial dissipation op-
erator. Two additional sets of adaptive results were also obtained.

Table 3 Grids for case 2

Total Nodes Off-wall
Grid nodes on body spacing

1 3,415 180 0.001
2 5,768 240 0.00005
3 13,751 360 0.000032
4 22,062 480 0.000015
5 84,521 960 0.000005

Fig. 7 Unadapted grid with roughly 10,000 nodes; case 1.

Fig. 8 Adapted grid with roughly 10,000 nodes; case 1.

One uses an arti� cial dissipationoperatorbased on simple edge dif-
ferences akin to Eq. (5) denoted as standard AD, along with the
solution-dependent retriangulation scheme. The other, denoted as
minmax retria., uses the higher-order dissipation scheme but with
minmax retriangulationonly, without prestretching. The results of
these two cases lie between those of the unadapted and adapted re-
sults, which shows that both higher-order dissipation and solution-
dependent retriangulation improve the effectiveness of the adapta-
tion scheme.

Figures 7 and 8 compare the unadapted and adapted grids with
roughly 10,000 nodes, which are quite dissimilar. It is clear that the
unadaptedgrid is far from optimal for this case, and furthermore, it
is equally clear that it would be virtually impossible to generate a
grid such as the adapted grid without knowledge of the solution.

A similar quantitative assessment is performed for test case 2,
which requiresa much more anisotropicgrid than case 1 becausethe
Reynolds number is much higher and the � ow is turbulent.Again, a
sequenceof � veunadaptedgrids is generatedwith thecharacteristics
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Fig. 9 Lift coef� cient produced by adapted and unadapted grids;
case 2.

Fig. 10 Pressure drag coef� cient produced by adapted and unadapted
grids; case 2.

shown in Table 3. Adapted grids are produced from grids 1, 2, and
3 in the sequence, with grid densities similar to grids 2, 3, and 4,
respectively.The computed lift coef� cients are shown in Fig. 9, and
the pressure and friction drag coef� cients are shown in Figs. 10
and 11, respectively. Similar to case 1, the adaptation achieves the
greatest error reduction when higher-orderarti� cial dissipation and
solution-dependentretriangulationare used. The reduction in error
in both lift and pressure drag is signi� cant. However, no improve-
ment in frictiondrag is seen in Fig. 11, as a result of dif� culties with
the spatial discretizationon nonsmooth high-aspect-ratiotriangular
grids. Further work is needed to address the error in friction drag.

For the third test case, consisting of a transonic turbulent � ow
over the RAE 2822 airfoil, we rely on numerical results computed
using a higher-order � ow solver on a 1057 by 193 structured grid
to provide a benchmark for assessing accuracy.As demonstrated in
Refs. 26 and 27, the numerical error for these results is extremely
small. The turbulence model, transition points, and distance to the
outer boundary are all consistent. In addition to requiring suf� cient
boundary-layer resolution as in the preceding case, this case also
requires satisfactory resolution of the shock wave that forms on
the upper surface. A grid of approximately 8000 nodes with 128
points on the airfoil was adaptedwith a single pass to yield a grid of
approximately 17,000 nodes. Solutions were also computed using
unadaptedgrids of 17,000 and 52,000 nodes, the latter showing fair
agreement with the benchmark data. The results shown in Fig. 12
show that the adapted 17,000 node grid produces a surface pressure
that lies reasonably close to that obtained on the unadapted grid

Fig. 11 Friction drag coef� cient produced by adapted and unadapted
grids; case 2.

Fig. 12 Surface pressure coef� cient; case 3.

with 52,000 nodes. In comparison to the structuredgrid results, the
adaptedgrid providesa reasonableapproximationgiven the number
of nodes used.

The � nal test case is the high lift airfoil case L1T2 in Ref. 24,
which includesa12.5%c leading-edgeslat anda 33%c single-slotted
� ap, where c is the chord lengthof the nestedcon� guration.The slat
is located in the optimum positionat an angle of 25 deg, and the � ap
angle is 20 deg. This geometry is typical of a takeoff con� guration.
Experimental surface pressures are available along the transverse
pro� les of total pressure at three locations. Excellent agreement
with the experimental data for this geometry can be obtained using
the Spalart–Allmaras turbulence model on well-re� ned multiblock
structured grids, as shown in Ref. 28. The data computed on such
well-re� ned structuredgrids are again used to provide a benchmark.

Adaptive gridding can be particularly useful in the computation
of � ows over high-lift, multielement airfoil con� gurations, due to
the need to resolve merging boundary layers and wakes. Figure 13
shows the adaptedgrid near the trailing edgeof the main airfoilwith
the viscous regions receiving the majority of the adaptive enhance-
ment compared to the original unadapted grid in Fig. 14. Figure 15
compares the surface pressures obtained on the multiblock struc-
tured grid of Ref. 28 with those obtained on adapted and unadapted
grids of roughly 84,000 nodes. The adapted grid produces superior
agreement with the benchmark data, especially on the main airfoil.
Inspectionof the total pressurepro� les shown in Figs. 16–18 shows
that the solution obtained on the adapted grid is far more accurate
than that computed on the unadapted grid. As seen in Fig. 16, the
unadapted grid leads to a boundary layer on the upper surface of
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Fig. 13 Adapted grid near � ap; case 4.

Fig. 14 Unadapted grid near � ap; case 4.

Fig. 15 Surface pressure coef� cient; case 4.

Fig. 16 Total pressure coef� cient pro� les at 35% chord on the mail
airfoil; case 4.

Fig. 17 Total pressure coef� cient pro� les at the trailing edge of the
mail airfoil; case 4.

Fig. 18 Total pressure coef� cient pro� les at 50% chord on the � ap;
case 4.
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the main airfoil that is much too thick, and the wake from the slat
is not seen at all. The adapted grid produces reasonable agreement
given the overall grid density. Figure 17 shows the same trends at
the trailing edge of the main airfoil: very poor predictionof the up-
per surface boundary layer using the unadapted grid and excellent
agreement using the adapted grid. Finally, the unadapted grid leads
to a poor prediction of the wake of the main airfoil as well as the
boundary layer on the upper surface of the � ap, which is again too
thick, as shown in Fig. 18. The adapted grid produces much better
agreement in both areas. Note that these two grids have roughly the
same number of nodes, and the unadapted grid is a reasonable grid
generatedwithout speci� c knowledgeof the solution,not a globally
re� ned grid. For this test case and case 3, the computational effort
for adaptation represented approximately 3% of the total effort.

Conclusions
This paper presents three contributionstoward effective solution-

adaptivegridding for aerodynamic � ows. They are as follows: 1) an
improved arti� cial dissipation operator that leads to reduced error
on irregular high aspect ratio triangular grids, 2) an improved re-
triangulation procedure applicable to highly irregular anisotropic
regions of the grid, and 3) a systematic quantitative assessment of
the adaptive technique for a variety of practical test cases.

The bene� ts of the modi� ed Laplacian arti� cial dissipationoper-
ator and the solution-dependentretriangulationprocedurehavebeen
demonstratedthroughtheuse ofwell-resolvedbenchmarksolutions.
Lift and drag comparisons with grid-independent values indicate
that a substantial improvement in solution accuracy is possible for
a given grid size with the adaptive algorithm outlined in this paper.
The use of such a quantitative assessment of the error reduction
associated with grid adaptation has been lacking in many previous
studies and forms a basis on which future work can be evaluated.
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